Abstract. We consider F , the class of …nite unary functions, i.e. the class of pairs of the form (A; f ) where A is a …nite set and f is an unary function on A. We also consider two subclasses of F : B and F k for k > 1. B contains structures (A; f ) with the property that f is a bijection of the set A, and F k contains structures (A; f ) with the property that inverse image of every point in A under f has cardinality at most k. In this paper we calculate Ramsey degrees of structures from F and F k , and we show that B is a Ramsey class. Moreover we introduce various ordered expansions of the classes F and B and we prove Ramsey property for these expansions. In particular we prove Ramsey property for the class OF which contains structures of the form (A; f; ) where (A; f ) 2 F and is a linear ordering on the set A. In the case of the class F k we introduce a precompact expansion with the Ramsey property. We also consider a generalization MnF , n > 1, of the class F which contains …nite structures of the form (A; f 1 ; :::; fn) where each f i is an unary function on the set A. Finally we give a topological interpretation of our results by expanding the list of extremely amenable groups and by calculating various universal minimal ‡ows.
Introduction
We say that a given structure is functional (relational) if its signature contains only functional (relational) symbols. In this paper we examine classeses of …nite functional structures. In particular, we are interested in classi…cation of these classes with respect to Ramsey property. The list of Ramsey classes of …nite relational structures is rich and it includes the class of ordered graphs and the class of ordered hypergraphs, see [1] , [21] and [22] ; the class of ordered metric spaces, see [19] ; the class of sets with two linear orderings (…nite permutations), see [31] ; the class of ordered incomparable chains in [32] ; the class of ordered ultrametric spaces in which every open ball is an interval, see [23] ; and the class of boron trees with ternary relation, see [13] . On the other side the list of Ramsey classes of …nite functional structures is short. According to the author's knowledge it contains only the class of …nite Boolean algebras, see [8] ; the class of …nite vector spaces over a …xed …nite …eld, see [9] ; and the class of …nite Boolean lattices, see [8] and [27] . It is interesting that Ramsey classes of …nite relational structures are mostly Fraïssé classes. In the case of Ramsey classes of …nite functional structures we have that the class of …nite Boolean algebras and the class of …nite vector spaces over a …xed …nite …eld are also Fraïssé classes, while the class of …nite Boolean lattices is not a Fraïssé class.
In the case that the class of …nite functional structures is not a Ramsey class, we would like to identify its Ramsey objects. Ramsey objects in the class of …nite Abelian groups were investigated for the …rst time in [5] and they were classi…ed in [35] . For the class of …nite groups there are only some partial results in [25] . Also, in a class of …nite functional structures which is closed for taking products and taking substructures we have that one-element structures are Ramsey objects, see [14] . In the class of …nite distributive lattices, Ramsey objects are exactly Boolean lattices, see [16] for calculation.
Our approach is motivated by the technique of Kechris-Pestov-Todorµ cevivć in [15] and its generalization in [24] . This approach requires that we consider a given class and its expansion obtained by adding relations to structures from the original class. In most cases it would be enough to consider only expansion of the original class by adding only linear orderings. We explain this approach by explaining few example that we are interested in. Let F denote the class of structures of the form (A; f A ) where A is a …nite set and f A is an unary function on the set A. Together with this class we consider the class OF of structures of the form (A; f A ; A ) where (A; f A ) 2 F and A is a linear ordering on the set A. In this case we consider the class F and its expansion OF . Also we consider the class B of structures (A; f A ) 2 F with the property that f A is a bijection. Together with this class we consider the class OB of structures of the form (A; f A ; A ) 2 OF where (A; f A ) 2 B. It appears that we may expand classes F and B by adding linear orderings in more than one way. In order to de…ne these expansions we need techincal preparation which are presented in Sections 3 and 4. The number of these expansions should be contrast with the number of ordered expansions in the case of classes of relational structures. The class of …nite graphs we may expand in only one way by adding arbitrary linear orderings, see [15] . Various classes of …nite posets we my expand in two or at most three ways, see [31] and [32] . It appears that we may expand the class F by adding linear orderings in more ways, see Section 4.
More general form of the classes F and B are classes M n F and M n B for n 1. The class M n F contains structures of the form (A; ff
where A is non empty …nite set and each f A i is an unary function on the set A, while M n B is a subclass of M n F which contains structures (A; ff
) with the property that each f A i is a bijection. We also consider class OM n F, n 1, which contains …nite structures of the form (A; ff
A ) where each f
A i is an unary function on A and
A is a linear ordering on A. In addition to this we consider OM n B the subclass of OM n F which contains structures (A; ff
A ) with the property that each f A i is a bijection of the set A. Note that OM 1 F the subclass of OM 1 B are the same as the classes M 1 F the subclass of M 1 B respectively.
Our main goal is to recognize Ramsey classes among the one that we list. Our approach is based on the results in [15] by combining …nitary combinatorial methods together with topological methods. We recall that a given topological group G is extremely amenable if every continuous action of the group G on a given compact Hausdor¤ space has a …xed point. For certain groups extreme amenability is equivalent to Ramsey property of corresponding classes of …nite structures, see [15] . Therefore on the …rst place we consider extreme amenability for certain groups and reduce it to extreme amenability of smaller groups. On the end we obtained Ramsey property for certain classes of …nite structures by …nitary methods. In particular we emphesize the following result from Section 7.
Theorem 1. For natural number n 1, OM n F and OM n B are Ramsey classes.
We refer the reader to Section 7 where we use the previous Theorem to establish Ramsey property for more classes. In addition to this we calculate Ramsey degrees for structues in F and B. We refer the reader to Section 7 for more details and we emphasize the following.
Theorem 2. For a natural number n > 1, all objects in classes F and M n F have …nite Ramsey degrees. Classes B and M n B are Ramsey classes.
For a natural number k > 1, we consider the class F k which is a subclass of F and contains structures (A; f A ) such that for every a 2 A we have that the set b 2 A : f A (b) = a has cardinality at most k. We show that there is no Fraïssè class OF k which contains structures of the form (A; f A ; A ) where (A; f A ) 2 F k and A is a linear ordering on A. In order to examine this class we apply a generalization of the Kechris-Pestov-Todorµ cevic technique given in [23] .
We also give more topological interpretation of our combinatorial results according to [15] . We give a short organization of the paper. In the following section we introduce basic notation and de…nitions. We introduce classes of unary functions in Section 3 and their expansions in Section 4. Groups of automorphisms of various countable structures are listed in Section 5. We apply the technique from [15] in Section 6 and Section 7. The main Ramsey results are obtained in Section 8. In Sections 9, 10 and 11 we give more examples of Ramsey classes of structures with unary functions. In particular we prove that M n B is a Ramsey class in Section 9. A speci…c example is given in Section 10. In Section 11 we show how to assign to each …nite group G, with the rank n, a Ramsey class which is a subclass of OM n F. In the last section we give a list of open problems.
Preliminaries

Model theory.
A signature L consists of a family fR i g i2I of relational symbols indexed by a set I and a family ff j g j2J of functional symbols indexed by a set J. The signature L comes with a sequence fn i g i2I of non zero natural numbers and a sequence fm j g j2J of natural numbers. The number n i is called the arity of the symbol R i and the number m j is the arity of the symbol f j . The signature L is …nite (countable) if I [ J is …nite (countable) set. An interpretation of a relational symbol R i on a given non empty set A is a relation R
A i
A ni , and an interpretation of the functional symbol f j on a given set A is a function f
where A is a non empty set and R A i is an interpretation of a relational symbol R i on A for all i 2 I, and f A j is an interpretation of a functional symbol f j on A for each j 2 J. In this case we say that A is the underlying set of the structure A. If the underlying set is …nite (countable) then we say that the structure is …nite (countable).
Let A = (A; fR A i g i2I ; ff A j g j2J ) and B = (B; fR B i g i2I ; ff B j g j2J ) be structures in a given signature L = fR i g i2I [ ff j g j2J where each R i is a relational symbol of arity n i and each f j is a functional symbol of arity m j . An embedding of the structure A into the structure B is an injective map : A ! B with the property that for all i 2 I, and all x 1 ; :::; x ni 2 A we have
( (x 1 ); :::; (x ni )); and for all j 2 J, and all x 1 ; :::; x mj 2 A we have In this case we write : A ! B. If there is an embedding from A into B then we write A ,! B, otherwise we write A 6 ,! B. An isomorphism is a bijective embedding. If there is an isomorphism between structures A and B then we say that these structures are isomorphic and we write A = B or f : A = B where f is an isomorphism between these structures. An automorphism is an isomorphism from the structure to itself. The set of all automorphisms of the structure A together with composition of maps form a group which we denote by Aut(A). The structure A is rigid if the group Aut(A) contains only one element. We say that A is a substructure of B, and we write A B, if A B, for every i 2 I we have
ni , and for every j 2 J we have f
B then we also write B A instead of A. However for arbitrary S B, the set S is not always the underlying set of some substructure of B because we do not know it it is closed under functions. On the other hand if signature contains only relational symbols then B S is always a substructure of B for a given set S. We denote by < S > B the smallest substructure of B which contains set S, and we say that it is generated by the set S. The identity map shows that A B implies A ,! B. We say that structure A is irreducible if it is generated by all of its one-element subsets.
We assume that every class of structures in this paper is closed under taking isomorphic images. We say that a given class K of structures is countable if it contains up to isomorphism countably many non isomorphic structures. We do not consider only the class of all possible structures in a given signature L, but we consider some of its subclasses. Also, we consider classes of structures in di¤erent signatures.
Let L = fR i g i2I [ ff j g j2J be a signature such that each R i is a relational symbol of arity n i and each f j is a functional symbol of arity m j . Let L 0 = L [ fR i 0 g i 0 2I 0 be a signature such that (I [ J) \ I 0 = ; and every R i 0 is a relational symbol of arity n i 0 . If A 0 is a structure in L 0 and A is a structure in L such that
we say that A is a reduct of A 0 or that A 0 is an expansion of A. We denote this by A = A 0 jL and we write A 0 = (A; fR
We denote this by K = K 0 jL. Suppose that K is a class of structures in L and that K 0 is a class of structures in L 0 such that K = K 0 jL. If for all A, B 2K, every embedding : A ! B, and every A 0 2 K 0 with property A = A 0 jL there is B 0 2 K 0 such that B = B 0 jL and is also an embedding : A 0 ! B 0 then we say that K 0 is a reasonable expansion of K. A structure A with the underlying set A in a signature L is called ordered if there is a binary relational symbol R i0 2 L which is interpreted as a linear ordering in A. A class K of structures in a signature L is ordered if there is a binary relational symbol R i0 2 L which is interpreted as a linear ordering in every structure from K. Let K be a class of structures in a signature L, and let R be a binary relational symbol such that R = 2 L. If K 0 is an expansion of the class K in L [ fRg such that R is interpreted in every structure from K 0 as a linear ordering then we say that K 0 is an ordered expansion of K.
For a non-empty set A, we denote by lo(A), the collection of all linear orderings on the set A. The cardinality of a given set A we denote by jAj or card(A). For a natural number n we denote by S n , the group of permutations of the set f1; :::; ng. The group of permutation of the set of natural numbers we denote by S 1 . Let be a linear ordering on a set A, and let B, C A be such that B \ C = ;. If for all b 2 B and all c 2 C we have b c then we write B C. For , 2 lo(A) with the property that for every a, b 2 A we have a b , b a then we write = op( ) or = op( ). We say that linear orderings and are opposite to each other. We say that two elements a, b are consecutive in linear ordering if for every c we have a c b ) (a = c or a = b). We say that elements x and y in a given relational structure are related if there is a tuple of elements which contains both x and y which belongs to some relation from the given structure. Strict part of a linear ordering is de…ned such that a < b , a b & a 6 = b. We denote the strict part of the linear orderings , , or v by <, or @. For a function f : X ! Y and sets A X, B Y we write f (A) instead of the set ff (a) : a 2 Ag (image of the set A under f ) , and we write f 1 (B) instead of fa 2 A : f (a) 2 Bg (preimage of the set B under f ). If f is a function f : A ! A and n is a natural number then we denote by f (n) the function f (n) : A ! A such that for a 2 A we have
For n = 0 we assume that f (n) is the identity function. We also write f ( 1) (A) instead of f 1 (A). We denote the set of natural numbers by N, and we assume that it contains 0. We denote the set of rational numbers by Q.
Ramsey theory.
Let K be a class of …nite structures in a signature L. If for natural numbers r and t, and structures A, B, and C from K we have that for every coloring A does not take more than t values. In particular for t = 1 we write
If for A 2K there is a …nite t 0 such that for any natural number r and any B 2 K there is C 2 K such that C ! (B) A r;t0 , then we say that K has Ramsey degree in K and the smallest t 0 with this property is called the Ramsey degree of A in K. The Ramsey degree of A in K is denoted by t K (A). If t K (A) = 1 then we say that A is a Ramsey object in the class K. If for all A 2 K we have t K (A) = 1 then we say that K is a Ramsey class or that K satis…es the Ramsey property (RP). We may see the Ramsey degree as a measure of deviation from being a Ramsey class. In almost all cases we deal with in this paper it is easy to check previous properties and most of the time we will skip such checkings.
A class K of …nite structures in a countable signature L which is countable, contains structures of arbitrary large …nite cardinality, and satis…es HP, JEP and AP is called a Fraïssé class.
A structure A is ultrahomogenoeus if for all isomorphisms : B ! C between its …nite substructures there is an automorphism : A ! A such that B = . A structure A is locally …nite if all its …nitely generated substructures are …nite. A relational structure A is called a Fraïssé structure if it is in…nite countable, locally …nite and ultrahomogeneous. For a structure K we denote the class of all …nite substructures that are isomorphic to a substructure of K by Age(K). The following Theorem provides a connection between Fraïssé classes and Fraïssé structures. A is an unary function on A. In particular F is a class of structures in a signature ff g where f is an unary functional symbol. We say that F is the class of all …nite unary functions. Together with the class F, we consider its subclasses:
, the class of …nite k-1 functions contais structures (A; f A ) 2 F with the property that for all a 2 A we have jf A( 1) (a)j k. B = F 1 is the class of …nite bijections.
Since F @0 = F and B = F 1 we consider only the case 1 < k < @ 0 . For the rest of this section we …x a structure A = (A; f A ) in F. On the set A we consider a relation A such that for a, b 2 A we have
It is straithforward to see that A is an equivalence relation on A. For a 2 A we denote by [a] A the equivalence class of A which contains a. Equivalence classes of A are called connected components of the structure A. Note that every connected component of A is a substructure of A. If the substructures of A given by its connected components are A 1 ; :::; A m then we also write A 1 t ::: t A m instead of A, and we say that A is decomposed by A 1 ; :::; A m . We also consider unary relation S A on A, which we call a sink on A, such that for all a 2 A we have
If S A (a) then we say that a is a sink point. Note that for every a 2 A there is n 2 N such that A . The number of sink points in a connected component which contains a is denoted by # A (a). For every sink point a 2 A we consider a set
On the set A a we de…ne a partial ordering Aa with the srtict part < Aa de…ned such that for x 6 = y in A a we have
It is straithforward to see that Aa is well de…ned and that (A a ; Aa ) is a tree with the root a. We make excursion to the realm of trees. A tree is a pair (T; ) where T is non empty set and is a partial ordering on the set T such that for every t 2 T the set ft 0 2 T : t 0 tg is a linearly ordered by and there is a minimial element of the tree, called the root. Let T = (T; ) be a given tree. We say that t 2 T has the height h if jft 0 2 T : t 0 < tgj = h; we write ht T (t) = h. In particular the height of the root is 0. If is an ordinal number then the -th level of the tree is the set Lev (T) = ft 2 T : ht T (t) = g. The height of the tree is ht(T) = supf : Lev (T) 6 = ;g. In this paper we consider at most countable trees, and most of the time we consider …nite trees for which height is an natural number. An element t 2 T is called terminal if there is no t 0 2 T such that t < t
0 . An immediate successor of t 2 T is t 0 2 T such that t < t 0 and there is no t 00 2 T such that t < t 00 < t 0 . The set of all immediate successors of t 2 T is denoted by Is T (t). Branching of an element t 2 T is the cardinality br T (t) = jIs T (t)j. In particular, branching of a terminal node is 0. Branching of a tree is br(T) = supfbr T (t) : t 2 T g. Tree T has uniform branching if for every non terminal node t 2 T we have br T (t) = br(T). We say that the tree T is pruned if it has …nite height and for every t 2 T there is t 0 2 Lev (T) such that t t 0 . Pruned tree with the height and uniform branching k we call ( ; k)-tree. If D = (D; ) is also tree then map : T ! D is an embedding of trees if for all t 6 = t 0 2 T we have t < t 0 () (t) < (t 0 ). An embedding of trees preservs levels if for all t 2 T we have ht T (t) = ht D ( (t)). In particular, if an embedding preserevs levels then it maps a root to a root.
Let B = (B; f B ) be a structure in F. Then it comes with the equivalence relation B and the sink relation S B . If there is an embedding : A ! B then we must have:
) and restriction of to A a is an embedding of trees which preserves levels
It is easy to check the following. From the previous Lemma and Theorem 3 we obtain Fraïssé structures:
For the techincal reasons we need to consider more classes. Let l > 0 be a natural number. We denote by R l a subclass of F. A structure A 2 F belongs to R l i¤ it contains only one connected component and if it has l sink points. Then we have the following.
Lemma 2. For a natural number l > 0, R l is a Fraïssé class with SAP and without SJEP.
We denote the Fraisse limit of the class R l by R l =F lim(R l ).
3.3. Multi functions. Let k > 1 and l > 1 be natural numbers, and let ff i g k i=1 be the list of unary functional symbols. Then we consider:
F for 1 i kg, the class of …nite sets with k unary functions. Proof. (i) This is simple check.
(ii) We demonstrate this on the case k = 2 = l. Let A = (A; f
with underlying sets B = fx; y; zg, C = fu; v; wg and functions
Also we consider embeddings 1 : A ! B and 2 : A ! C given by
Suppose there is a structure D = (D; f
, and from the embedding 2 we have f For natural numbers k; l > 1, from the previous Lemma and Theorem 3 we obtain the following Fraïssé structures:
. Since M k F l does not satisfy AP for 1 < k; l < @ 0 we do not have Fraïssé limit of this class. In particular we will not be able to apply the technique from [15] on the class M k F l .
Expansions
In order to apply the technique from [15] and [24] we consider expansions of the classes F, F k and B obtained by adding linear orderings and unary relations.
General case.
Expansions obtained by adding linear ordering are in the signature ff; g where is a binary relational symbol which is always interpreted as a linear ordering, while f remains an unary functional symbol. For the rest of this section we assume 1 < k < @ 0 and A = (A; f A ). We give a list of possible expansions: arbitrary linear orderings:
Suppose that A 2 F is such that it has only one connected component, it contains only sink points and it has i sink points. Then we denote by B i a set of structures A 0 2 OB where A 0 jff g = A. We assume that for every A 0 2 B i 2 OB with B 0 jff g = A there is A 0 2 B i such that B 0 = A 0 . We assume that distinct A 0 6 = A 00 in B i are non isomorphic. We equip each set B i with a linear ordering
We use ordered sets (B i ; v i ) to de…ne subclasses of OF. convex linear orderings:
CF contains structures (A; f A ; A ) 2 OF with the property that for all a, b, c 2 A we have 
In these structures, connected components are ordered according to the number of sink points which they contain. Suppose that A 2 B is decomposed by A 1 and A 2 . Let A 1 has i 1 points and A 2 has i 2 points. If
Using ordered sets (B i ; v i ) we ensure that even in the case i 1 = i 2 we obtain inequality. subincreasing convex linear orderings:
Note that in all ordered expansions of F de…ned so far we have no constrains how to order sink points and non sink points.
sink ordering: SF contains structures (A; f A ; A ) 2 CF with the property that for all a, b 2 A with
Note that SB = CB. In these structures, sink points are an initial part of each connected component. However structures from B with one connected component can be expanded to non isomorphic structures in SB.
sink circular ordering: S cir F contains structures (A; f A ; A ) 2 SF with the property that for all a, b 2 A with
In these structures, linear ordering respects functions. Note that if A 2 B has only one conected component then all expansions of A to a structure in S cir B are isomorphic.
forest ordering:
T F k = T F \ SF k . We do not de…ne T B because it would be the same as SB. If A 2 F is expanded by linear ordering A to a structure in SF, and if a is a sink point then there is no restriction on linear ordering on the set A a nfag.
level ordering: LF contains structures (A; f A ; A ) 2 T F with the property that for every a, a 0 , a
Aa ) is ordered in such way that levels are intervals and ordering on each level respect the ordering of the previous level.
increasing convex sink:
In this case we do not consider C inc FB because it would be the same as C inc B. increasing convex circular:
Since structurs in B are without sink points we do not consider in this case class C inc T B. increasing convex level:
So far we have obtained classes by combining C inc F and classes SF, S cir F, T F and LF. Now we will do the same by replacing C inc F by C sub F.
subincreasing convex sink:
If K is a class from the previous list it is easy to see that K is a reasonable expansion of the class Kjff g. By simple checking and using results of Section 5 in [15] it is easy to recognize Fraïssé classes.
The following is a list of Fraïssé classes , all of them have SAP, and their respective limits: arbitrary:
convex:
sink:
increasing-sink:
subincreasing-sink:
4.2. k to 1 functions. For 1 < k < @ 0 , we have a list of classes which satisfy HP and SJEP but fails to satisfy AP:
In order to explain why AP fails for these classes we consider structures
together with embeddings 1 : C ! A and 2 : C ! B given by 1 :
Then there are no structure and embeddings to verify AP in this case because it would be contrary to k 1 property of functions in the class F k . In order to avoid such problems we consider expansion of the class F k by adding not only linear ordering, but also by adding unary relations. For the rest of this subsection we …x natural number 1 < k < @ 0 , and expansion in signature ff; ;
where is a binary relational symbol and each I i is an unary relational symbol. Then we consider the following classes:
such that for all a; b 2 A, and 1 i; j k we have:
Note that A is de…ned only on the set of sink points. I Note that sink points in a structure A = (A; f A ; A ; fI
from IF k are the underlying set for a substructure which we denote by A S . Moreover A S 2 OB. In the next we de…ne subclasses of IF k based on subclasses of OB.
convex indicator (CIF k ):
Once again, it is simple exercise to see that just de…ned classes are reasonable expansions of the class F k . Moreover all these classes are Fraïssé but without SAP. We denote their limits by:
For the techincal reasons we consider ordered expansions of the classes R l , l > 0:
This is a Fraïssé class only for l = 1 because it fails to satisfy JEP. This comes from the fact that the set B l contains at least two non isomorphic structures for l > 1. Guided by this problem we consider the following classes. O H R l contains structures (A; f A ; A ) 2 OR l whose substructure given by the sink points is isomorphic to a …xed H 2B l . SR l = SF \ OR l . Similar to the class OR l , SR l is a Fraïssé class only for l = 1, so we consider the following class. S H R l contains structures (A; f A ; A ) 2 SR l whose substructure given by the sink points is isomorphic to a …xed H 2B l .
4.3. Multi functions. Let k > 1 and l > 1 be natural numbers, and let ff i g k i=1 be the list of unary functional symbols. Then we consider:
It is easy to see that OM k Fand OM k B are Fraïssé classes which satisfy SAP. We denote Fraïssé limits of these classes by OM k F and OM k B respectively. Since M k F l is not a Fraïssé class for k; l > 1 then OM k F l also is not a Fraïssé class. It is easy to see that even OM 1 F l is not a Fraïssé class.
Automorphism Groups
In this section, we describe automorphism groups of some Fraïssé structures obtained in the previous two sections.
We may see F, F k ( 1 < k < @ 0 ), and B as isjoint unions
is a disjoint union of Fraïssé structures
Use of the term disjoint union is justi…ed by the fact that we consider only unary functions. Each structure F i;j , F 
Since for a …xed i and distinct j 6 = j 0 we have
Inside each connected component sink points must be mapped to a sink point by automorphism, so for each i we have
where (Z i ; +) is the cyclic additive group of order i.
Note that the structure R 1 can be viewed as an ifnitary countable tree T @0 without terminal points where each node has in…nitely many immediate successors. Moreover automorphisms of the structure R 1 corresponds to the level preserving automorphisms of the tree T @0 . Therefore we have
or in an expanded form
In particular for every non zero natural number n we have
Note that this represents approximation of the group Aut(R 1 ) by the …nite semi-direct products, this will be justi…ed in the following sections. Let us explain where is the group on the left side, G n , inside the group Aut(R 1 ). Let be an element of the group on the left side and let (x n ) 1 n=0
and (y n ) 1 n=0 be maximal in…nite branches in T @0 such that x i < x i+1 and y i < y i+1 for all i 0.
For a natural number l > 1 we have
because the automorphism group of the structure with only one connected component, l sink points and no non-sink points is isomorphic to (Z l ; +).
For the automorphism groups of the structures obtained in the previous Section we follow the same organization as in the previous Section. We skip the groups Aut(OF) and Aut(OB) because we do not have their representation in a form of product or semiproduct of some other groups.
First we need to introduce the class OI @0 of …nite relational structures in the signature f
where is a binary symbol and each I i is an unary symbol. Class OI @0 contains structures of the form (A; fI
A ) where A is non-empty …nite set with linear ordering A and each I A i is an unary relation on A such that for each a 2 A and all i; j we have:
It is easy to see that OI @0 is a Fraïssé class with limit OI @0 = (Q; fI
Q ). Note that the structure (Q; Q ) is isomoprhic to the set of rationals with the standard ordering, and for each i the subset fq 2 Q : I Q i (q)g is a dense linear ordering inside Q . For …nite k > 1 we consider the class OI k of …nite structures in the signature f ; fI i g k i=1 g where is a binary symbol and each I i is an unary symbol. Class OI k is a subclass of OI @0 such that it contains only structures (A; fI
A ) in which for all a 2 A we have I A j (a) ) i k. The class OI k is a Fraïssé class and we denote its limit by OI k .
First we analyze structures obtained from F and B: K 2 fCF; CB; SFg
, where sets B i are de…ned in the previous Section. Let OI = (Q; fI
be the structure isomorphic to OI @0 in which we only di¤erently label indicators. Structure K is a disjoint union of its connected components
where the linear ordering of connected components induced by convex ordering agree with the ordering Q and for each q 2
For K = CB and all q 2 Q structures K q are rigid so we have
For K 2 fCF; SFg each structure K q is isomorphic to one of the classes of the form O H R l , S H R l .
K 2 fS cir F; S cir B; TF; LFg The structure K is decomposed as
where we use the structure OI @0 = (Q; fI
Q ) for indexing the union such that we have
For K = S cir B and all q 2 Q the group Aut(S cir B q ) is trivial so we have
For K = S cir F and q 2 Q with I Q d (q) the structure K q is isomorphic to the structure S cir R d , so we have
On the other hand for K = TF and all q 2 Q , if K q has i many sink points then we have
For K = LF and q 2 Q , if K q has i many sink points then we have
K 2 fC inc F; C inc B; C sub F; C sub B; C inc SF; C inc S cir F; C inc S cir B; C inc TF, C inc LF; C sub SF; C sub S cir F; C sub S cir B; C sub TF; C sub LFg Structure K is decomposed as disjoint union
where each K i contains only connected components with exactly i sink points, and increasing convex ordering induces the linear ordering of the sets K i which agrees with the standard ordering of natural numbers. It is easy to see that each K i is a Fraïssé structure, so we have
Depending how we may further decompose structures K i we distinguish the following subcases: K 2 fC inc F; C inc B; C inc SF; C inc TF; C inc LFg Each structure K i is decomposed as disjoint union 
For K = C inc B structures K i;q are rigid so we have
Note that for K = C inc F each of the structures K i;q is isomorphic to a structure of the form O H R l . Also for K = C inc SF each of the structures K i;q is isomorphic to a structure of the form S H R l . For K = C inc TF we have
and for K = C inc LF we have
K 2 fC sub F; C sub B; C sub SF; C sub TF; C sub LFg Each structure K i is decomposed as a disjoint union
where restriction of each connected component in K i;H to its sink points is isomorphic to H, and linear ordering v i induces the ordering of distinct K i;H inside K i . Therefore we have
Moreover each tructure K i;H is decomposed into isomorphic Fraïssé structures
where the ordering among these structures is isomorhic to the rationals. Consequently we have
For K = C sub B structure K i;H;0 is rigid and we obtain Aut(C sub B i;H ) = Aut(Q; Q ):
Note that for K = C sub F each structure K i;H;0 is isomoprhic to one of the structures of the form O H R l , and that for K = C sub SF each structure K i;H;0 is isomoprhic to one of the structures of the form S H R l . For K = C sub TF we have Aut(K i;H;0 ) = (Aut(TR 1 )) i ;
and for K = C sub LF we have
K 2 fC inc S cir F; C inc S cir Bg Since we are using circular ordering structure K i is decomposed into isomorphic structures by
so we have
For K = C inc S cir B structure K i;0 is trivial so we have
Note that for K = C inc S cir F the structure K i;0 is isomorphic to S H R i . K = LR Similar to the case of the group Aut(R) we have
and in an expanded form as
We may approximate the group Aut(LR) by …nite semi-direct products
Aut(LR):
The group LG n is placed inside the group Aut(LR) in the same way as the group G n inside the group Aut(R).
Now we …x a natural number 1 < k < @ 0 and we examine Fraïssé structures obtained from expansions of the class F k . Note that there is a Fraïssé structure which is a substructure of IF k such that it has only one connected component with only one sink point. The main property of such structure is that it is rigid. This simpli…es the calculation of automorphism groups of the Fraïssé structures from our list. It reduces only to discussing automorphism groups of the substructures given by sink points. Recall that for A 2 IF k we denote by A S its substructure given by its sink points. We use the same notation even if A is in…nite structure. Now we analyize the list from the end of the previous section:
We do not have nice representation of the automorphism groups for the structures of the form O H R l , S H R l , S cir R l and TR 1 . For l > 1 we have:
LR 1 Similar to the case of the group Aut(R 1 ) we have
We may approximate the group Aut(LR 1 ) by …nite semi-direct products
The group LG n is placed inside the group Aut(LR 1 ) in the same way as the group G n inside the group Aut(R).
Extreme amenability
A continuous action G X ! X of a topological group G on a compact Hausdor¤ space X is called a G- ‡ow. Clearly on the same set we may have many di¤erent actions of the same group, but if the action is clear from the context then we say that X is a G- ‡ow. A G- ‡ow X is minimal if for every x 2 X we have fgx : g 2 Gg = X;
i.e. topological closure of every orbit is dense. A G- ‡ow Y is sub ‡ow of G- ‡ow X if Y is a Ginvariant subset of X. Zorn's lemma implies that every G- ‡ow contains a minimal sub ‡ow. The following Theorem says that among minimal G- ‡ows there is a maximal one.
Theorem 4. ([2]
)Let G be a topological group. Then there is a minimal G- ‡ow M (G) such that for every minimal G- ‡ow X there is a continuos surjection ' : M (G) ! X such that for all m 2 M (G) and all g 2 G we have '(gm) = g'(m). Moreover, if Y is minimal G- ‡ow with the same property as M (G) then there is a homeomoprhism ' : M (G) ! Y such that for all m 2 M (G) and all g 2 G we have '(gm) = g'(m). We say that M (G) is unique up to isomorphism.
The minimal G- ‡ow M (G) which is given by the previous Theorem is called the universal minimal G- ‡ow. If the universal minimal G- ‡ow contains only one point then we say that G is an extremely amenable group (EAG). In particular, we would like to know weather the group of automorphism of a given countable structure is extremely amenable. We use the technique developed in [15] and results from the previous sections to give answer to special type of groups. We assume that groups of automorphisms of a countable structures are equipped with pointwise convergence topology, see [3] for more details. Moreover, all such groups are closed subgroups of S 1 , the group of permutations of natural numbers with pointwise convergence topology. For more detail on topological dynamics we refer the reader to [2] . More details on closed subgroups of S 1 can be found in [3] . We will use the following properties of extremely amenable groups.
Lemma 4. ([26] )
(i): The product of an arbitrary family of extremely amenable groups is extremely amenable.
(ii): Let H and G be topological groups such that H is a closed normal subgroup of G. If both H and G=H are extremely amenable, then so is G.
(iii): Let G be a topological group and let H be an upward directed under inclusion family of extremely amenable subgroups of G where [H is dense in G. Then G is extremely amenable.
Now we apply previous Lemma to some of automorphism groups obtained in Section 5. We assume that each of the automorphism groups of a given structure comes with the topology of pointwise convergence. In particular S 1 is the automorphism group of the countable structure on N in empty signature with pointwise convergence topology. We point out that the closed subgroups of S 1 corresponds to the automorphism groups of Fraïssé structures, see [3] . Also every …nite group comes with the discrete topology. Note that the family fLG n ; n 1g of subgroups of the group Aut(LR 1 ) satisfy the condition of Lemma 4 (iii). By Lemma 4, representations in Section 5, and the fact that the groups Aut(OI ), Aut(OI k ) and Aut(Q; Q ), see [15] , are EAG we obtain the following.
Lemma 5. Let l and k be natural numbers such that l > 0 and k > 1, and let H 2B l . Then Aut(LR 1 ) and Aut(LR l ) are EAG so we have:
is an EAG for every l > 0 and every H 2B l then Aut(CF), Aut(C inc F) and Aut(C sub F) are EAG. (ii): If Aut(S H R l ) is an EAG for every l > 0 and every H 2B l then Aut(SF), Aut(C inc SF), Aut(C sub SF) and Aut(C inc S cir F) are EAG.
In the following sections we will prove that the automorphism groups of the structures of the form O H R l and S H R l are EAG. Note that S cir R l is just one of the structures of the form S H R l .
Ramsey property and topological dynamics
Let K be a Fraïssé class of structures in a signature L. Let L 0 = L [ fR j g j2J be a signature such that for every j 2 J we have R j = 2 L and each R j is a relational symbol. Let K 0 be a Fraïssé class of structures in L 0 such that K 0 is a reasonable expansion of K. If for every A 2 K there is only …nitely many, up to isomorphism, A 0 2 K 0 such that A 0 jL = A then we say that K 0 is a precompact expansion of K. Note that whenever J is a …nite set then every reasonable expansion is a precompact expansion. In particular every reasonable order expansion is a precompact expansion. We say that the class K 0 has the expansion property (EP) with respect to Let K =F lim(K) and K 0 =F lim(K 0 ) be the corresponding Fraïssé limits, and let G = Aut(K). If K 0 is a reasonable expansion of K then we may assume without loss of generality that K and K 0 have the same underlying set, the set of natural numbers N, and that K = K 0 jL. If n j is arity that corresponds to relational symbol R j , j 2 J, then we consider the set
where 2 = f0; 1g. Moreover, we assign to K 0 , an element p 2 P such that for every j 2 J we have that p(j) represent R K 0 j , the interpretation of the symbol R j in K 0 . Recall that every relation R N n can be viewed as a characteristic function on the set N n , and therefore as a member of the set 2 N n . Therefore the product P represent all expansions of K in signature L 0 . Also we consider elements in P as structures on N in L 0 nL, and each factor 2 N n j we consider as a structure on N in where A; B 2 P are structures in LnL 0 . We consider logic action of the group G on the set P . For g 2 G, which is a permutation of natural numbers, and A = (N; fR A j g j2J ) 2P we de…ne g A = B = (N; fR B j g j2J ) 2P such that for every j 2 J, and every x 1 ; :::; x nj we have R B j (x 1 ; :::; x nj ) , R A j (g 1 (x 1 ); :::; g 1 (x nj )):
We consider the group G to have topology induced by pointwise convergence. It appears that action of the group G on the metric space (P; d P ) is continuous. We denote by
the topological closure of the G orbit of K 0 (L 0 nL) in the metric space (P; d P ). In particular, X K 0 is a G- ‡ow when K 0 is a precompact expansion of K. The following make connection between Ramsey theory and topological dynamics. 
To be able to calculate universal minimal ‡ows we recall few more statements. Let us point out that we can not apply Theorem 6 to classes OR l and SR l for l > 1 because these classes are not Fraïssé. First we check combinatorial property. Lemma 8. Let l and k be natural numbers such that l > 0 and k > 1 and let H 2B l .
(i): If K 2 fOF, CF, C inc F, C sub F, SF, S cir F, T F, LF, C inc SF, C inc S cir F, C inc T F, C inc LF, C sub SF, C sub S cir F, C sub T Fg then K does not satisfy OP with respect to F. (ii): If K 2 fOB, CB, C inc B, C sub B, S cir B, C inc S cir Bg then K does not satisfy OP with respect to B. Proof. We give two examples why OP fails and it fails in the other cases for the same reasons.
Suppose that OR 1 satis…es OP with respect to R 1 . Then there is C = (C; f C ) 2 R 1 which veri…es OP for A. There are orderings
A and C such that a < A c < A b and (C;
Then there is no embedding from (A; A ) into (C; C ), so OP fails. For the second example we E ), and OP is disproved. Now we explain why C sub LF satis…es OP with respect to F. We pick A = (A; f A ) 2 F and we consider collection G of trees (A a ; Aa ) for all sink points a 2 A. Take h = maxfht(T) : T 2 Gg and b = maxfbr(T) : T 2 Gg. Let a 1 ; :::; a k be the sequence which denotes the number of sink points in connected components of A. Then we consider C = (C; f C ) 2 F such that it has k connected components with the number of sink points in each of them a 1 ; :::; a k respectively and with the property that for every sink point c 2 C the tree (C c ; Cc ) is pruned with height h and with uniform branching b. Then clearly C veri…es OP for A.
Considering C inc S cir B we see that each A 2 F veri…es OP for itself. That C inc S cir IF k satis…es EP with respect to F k follows by the similar argument as that C sub LF satis…es OP with respect to F. Similarly we check that LR l satis…es OP with respect to R 1 :
From Lemma 8, Lemma 7, Theorem 6, Theorem 5 we obtain the following. Proposition 1. Let l and k be natural numbers such that l > 0 and k > 1 and let H 2B l .
We may calculate Ramsey degrees by using the following.
. Let K 0 be a reasonable precompact expansion of K. If K 0 satis…es RP and EP with respect to K then we have
Proposition 2. Let l and k be natural numbers such that l > 0 and k > 1.
(ii): For A 2B we have t B (A) = 1:
Previous proposition help us to recognize Ramsey object. If l and k are natural numbers such that l > 0 and k > 1 then we have:
F For A 2F we have t F (A) = 1 i¤ : (i): Connected components of A with the same number of sink points are isomorphic.
(ii): If a and b are sink points of A in the same connected component then trees (A a ; Aa ) and (A b ;
A b ) are pruned with the same height, they are uniform branching with the same branching number.
B The fact that all structures in B are Ramsey objects should be compared with the class of …nite sets in empty signature in which also all structures are Ramsey objects. Aa ) is pruned and all its non terminal notes di¤erent from root has branching number k, while the root has branching number k. Aa ) and (A b ; A b ) are pruned with the same height, they are uniform branching with the same branching number.
Arbitrary orderings
In this section we prove more Ramsey results by combinatorial methods. First, we recall the classical Ramsey theorem.
Theorem 8. ([28]
) Let k, m, r be non zero natural numbers. Then there is a natural number n such that for every set C with cardinality n and every coloring : fA C : jAj = kg ! f1; :::; rg there is B C such that jBj = m and fA B : jAj = kg = const:
We write the statement of the previous Theorem in the short form by arrow notation as n ! (m) k r : Let A be a …nite non empty set and let n > 0 be a natural number. We consider direct product A n as a set of sequences (
where each x i 2 A. For non empty set I f1; :::; ng, its complement J = f1; :::; ngnI, and a sequence (y j ) j2J the set
is called a Hales-Jewett line (HJ line) in A n . We say that I is a moving part of the HJ line, and that (y j ) j2J is a …xed part of HJ line. It is possible that J = ;, and in that case …xed part of a HJ line is empty. We say that a HJ line is given by its …xed and moving part. Ramsey property of HJ lines is given in the following famous result.
Theorem 9. ([11]) Let
A be a …nite non empty set, and let r be a non zero natural number. Then there is a natural number n such that for every coloring : A n ! f1; :::; rg there is a HJ line L A n such that
Note that the number n given in the previous Theorem depends only on r and cardinality of the set A. Therefore we write the statement of the previous Theorem in the short form n = HJ(jAj; r); and we say that n is a Hales-Jawett number (HJ number) for jAj and r.
In the proof of the following Theorem we use Theorems 9 and 8 together with the technique called the partite construction which is developed in [1] and [21] . of all jBj-element subsets of f1; :::; cg. We construct recursively a sequence (P k = (P k ; f P k )) a k=0 of structures in F. Each structure P k will be partitioned into disjoint pieces which will be called levels. Levels are indexed by the elements of the set f1; :::; cg and they are linearly ordered according to the ordering of their indices, i.e. level with the index i is in the front of the level indexed by j i¤ i < j. We do not specify an ordering inside each level during construction. For each k we consider projection k : P k ! f1; :::; cg;
k (x) = j , x belongs to the level j: We say that a given set is transversal if it has at most one point in common with each level.
We start with the construction of the structure P 0 . Set P 0 as a disjoint union
where each P 0;i is a transversal set such that 0 (P 0;i ) = B i . In particular 0 is a bijection between P 0;i and B i , so we may de…ne linear ordering 0;i on the set P 0;i such that for x, y 2 P 0;i we have
Linear orderings
0;i are induced by the ordering of the levels. Since the structure B is linearly ordered by B then for each i there is a unique function f 0;i de…ned on the set P 0;i such that
Now we de…ne function f P0 as a union
Clearly f P0 is well de…ned and the construction of the structure P 0 is completed. For the inductive step of construction we assume that the structure P k is constructed and we construct the structure P k+1 . Let A k = (A k;j ) a k j=1 be the list of all transversal substructures of the structure P k such that:
where A k;j is the underlying set of the structure A k;j . if v is a linear ordering induced on the underlying set of A k;j by the ordering of the levels indexed by set A k+1 then
Now we consider set
We notice few characteristics of the set D k :
Fact 1: Set D k is the underlying set of the structure
Either all points in the same level of the set D k are …xed points for the function f P k or none of them is a …xed point for f
We decompose set D k according to the levels into a disjoint union
where a k+1;t is t-th element in the set A k+1 according to the natural ordering of the set A k+1 . Now we consider a HJ number
and a set
On the set H k we de…ne a function f H k such that for (x 1 ; :::;
According to the Facts 1, 2, 3 the function f H k is well-de…ned, so we have a structure
Moreover we may assume that the structure H k is partitioned in the levels given by the set A k+1 such that each (D k;t ) N k is indexed by the level a k+1;t . We denote projection of the set H k on the level indices also by k . Now we have to consider all HJ lines (L s )
given by a moving part I s 6 = ;, I s f1; :::; N k g, and a …xed part (S j ) j2Js where J s = f1; :::; N k gnI s and S j 2 A k . For a …xed line L s we consider a subset H k;s H k which is decomposed into levels
where H k;s;t (D k;t ) N k . If s j;t denote the t-th point in the structure S j with respect to its linear ordering then H k;s;t contains points (x u ) N k u=1 such that x u = s u;t ; u 2 J s m; u 2 I s for some m 2 D k;t . By the Facts 1, 2, 3 we obtain that H k;s is the underlying set of the structure H k;s which is a substructure of H k and moreover
Since the class F satis…es SAP we may amalgamate over each structure H k;s a structure P k;s = (P k;s ; f P k;s ) such that P k;s = P k . We de…ne set P k+1 as a union
such that P k;s \ H k = H k;s and for s 6 = s 0 we have
Moreover we preserve the placement of the copies of P k on the levels. We de…ne k+1 such that for x 2 P k+1 we have k+1 (x) = k (x) where k (x) is in a P k;s which contains x. Clearly this is well de…ned because we have agreement on the set H k . This completes the construction of the structure P k+1 .
After we obtain the structure P a we consider a linear ordering C on P a such that for all x, y 2 P a with a (x) 6 = a (y) we have
So linear ordering C respect the ordering of levels and its restriction to each level is arbitrary. Let C = (P a ; f Pa ; C ). Then we claim that
A r : In order to check this we consider a coloring : C A ! f1; :::; rg:
Then we may go backwards and construct a sequence (R k = (R k ; f R k )) a k=0 of structures in F such that for all 0 i < a we have R a = P a , R i R i+1 , R i = P i , R i and P i are in the same way distributed on the levels, All transversal structures A 0 = A with the property that A 0 (R i ; C R i ) and they intersect only levels given by the set A i+1 have the same color Ai+1 . This follows from the fact that coloring induces sequence of colorings, 1 i a,
Ni ! f1; :::; rg;
where S is a substructure of R i isomorphic to A whose linear ordering is induced by ordering of the levels given by the set A i and its j-th point is a sequence (s j;l ) Ni l=1 where s j;l is the j-th point in the structure S l . From Theorem 9 we may …nd a HJ line L s which is monochromatic for i . Then there is an amalgamated copy of P i 1 over this line which is actually R i 1 . This justi…es the construction of the sequence (R k ) a k=0 . Now we have the structure R 0 = P 0 such that coloring of transversal copies of A in (R 0 ; C R 0 ) depends only on the levels which they intersect. Therefore we have an induced coloring Then by the construction of the structure P 0 = R 0 there is a structure B 0 = B which is a transversal substructure of R 0 such that it intersects exactly levels indexed by the set B 0 . Then the previous analysis shows that
which justi…es that OF is a Ramsey class.
Using completely the same argument as in the previous Theorem we obtain the following statement about multi functions.
Theorem 11. For natural number 1 k < @ 0 , classes OM k F and OM k B are Ramsey classes.
We use Theorem 10 to obtain the following result.
Theorem 12. Let l > 0 be a natural number and let H 2B l . Then O H R l , S H R l , S cir R l , T R 1 , OB are Ramsey classes.
Proof. We check RP for the class O H R l , and in the other cases it follows by the same argument.
Let r be a non negative natural number. Let A = (A; f A ; A ) and B = (B; f B ; B ) be two structures in O H R l such that such that
and RP for the class O H R l is veri…ed.
From the fact that OB is a Ramsey class we obtain the following. From Theorems 5, 10, 11 and Corollary 1 we obtain the following.
Corollary 2. Let l > 0 and k > 1 be natural numbers, and let H 2B l . If K is any of the structures
Lemma 5 and Corollary 2 implies the following.
Combining Theorem 5 and Corollary 3 we obtain the following.
Corollary 4. The following are Ramsey classes:
It is a routine check to see that OM k F and OM k B do not satisfy OP with respect to M k F and M k B respectively, so we obtain the following.
Corollary 5. For a natural number 1 k < @ 0 , classes OM k F and OM k B are Ramsey classes, but X OM k F and X OM k B are not minimal ‡ows for the groups Aut(M k F) and Aut(M k B).
By Theorem 10.7. in [15] and Theorems 5, 6, 7 we obtain the following. (vii): The universal minimal ‡ow for the group Aut(F lim(P)) is metrizable. (viii): For every A 2 P, Ramsey degree t P (A) is …nite and moreover we have
We do not know the exact form of the structures from the class O P, but we have the following conclusion.
Corollary 6. Under the assumption of Theorem 13 for A 2 P, with the underlying set A, we have:
(i): If jAut(A)j = jAj! then A is a Ramsey object in P.
(ii): If A is an irreducible structure then A is a Ramsey object in O P.
(iii): We have O P 6 = OP.
Proof. (i) This is a special case of Theorem 13 (iii) because all order expansions of A must be in O M k F which is closed under taking isomorphic images.
(ii) Let A be a structure in P, and suppose that B 2 P veri…es OP for A. Suppose that there is r many linear orderings f i g r i=1 such that (A; i ) 2 O P and for i 6 = j structures (A; i ) and
be a list of substructures of B isomorphic to A, and let (A i ) l i=1 be their underlying sets respectively. Then for i 6 = j we have A i \ A j = ;. Since our structures have only unary functions then the set
A i is the underlying set of the structure B 0 2 P which is a substructure of B. Then B 0 also verifes OP for A. By classical Ramsey Theorem there is n such that n ! (l) 1 r . Moreover by SAP and HP for the class P there is structure C 2P which is disjoint union of n copies of A. If C is such that (C; C ) 2 O P then by the choice of the number n we have a substructure B 0 C such that B 0 = B and restriction of linear ordering C to each connected component of B 0 is isomorphic to a …xed (A; i0 ). Since B 0 , being isomorphic to B, veri…es OP for A we have that for any other i 6 = i 0 also (A; i ) ,! (A; i0 ). Clearly this is possible only if r = 1, and therefore structure A must have Ramsey degree 1.
(iii) It is enough to show that OP does not satisfy OP with respect to P. Let A be an irreducible structures from P such that jAj > 1. We consider structure B 2P, with the underlying set B, which is a disjoint union of two copies of A, i.e. B = A 1 t A 2 and A 1 = A 2 = A. Note that the structure B is well-de…ned since we are dealing only with unary functions. Suppose there is a structue C 2P, with the underlying set C, which veri…es OP for B. Let (A i ) l i=1 be a list of substructures of B isomorphic to A. In the same way as in the case (ii) of this Corollary we conclude that all these structures are mutally disjoint. Therefore there is a linear ordering C 2 lo(C) such that each A i with respect to C is an interval and (C; C ) 2 OP. Also there is a linear ordering B 2 lo(B) such that A 1 and A 2 are not intervals with respect to B and (B; B ) 2 OP. Clearly there is no embedding of (B; B ) into (C; C ) what is in contradiction with the fact that C veri…es OP for B.
We point out that the Corollary 6 (ii) also follows from Proposition 3.2 in [14] .
Multi bijections
We …x a natural number k > 1 for the rest of this section and we analyze the Ramsey property for the various ordered expansions of the class M k B.
On the …rst place we analyze structures from
Then there is a decomposition of the set A into non empty sets A = S m i=1 A i , m 1, such that each A i is the underlying set of the irreducible structure A i such that A i A. We say that each A i is an irreducible componnet of A and we write A = G m i=1 A i . For each natural number j 1 we denote by B k;j a set of structures
A is an irreducible structure of cardinality j. We assume that for every B 0 2 OM k B with cardinality j there is A 0 2 B k;j such that B 0 = A 0 . We also assume that distinct A 0 6 = A 00 in B k;j are non isomorphic. For each j we also consider a set B 0 k;j B k;j such that every irreducible A 2 M k B with cardinality j has exactly one ordered expansion in B 0 k;j . We equip each set B k;j with a linear ordering v k;j and we denote its restriction to subset B CM k B , the class of convex expansions, contains structures of the form (A; ff
A ) 2 OM k B with the property that each irreducible component of (A; ff
is an interval with respect to A . C inc M k B , the class of increasing convex expansions, contains structures A 2 CM k B with the property that for every a; a 0 2 A if a and a 0 belongs to irreducible components with cardinality k a and k a 0 respectively then we have
C sub M k B , the class of subincreasing convex expansions, contains structures of the form A 2 C inc M k B with the property that whenever A 1 and A 2 are irreducible substructures of A with the same cardinality j and underlying sets A 1 and A 2 respectively we have
Note that we may assume that A 1 and A 2 are in B k;j . C cir M k B , the class of circular expansions, contains structures of the form A 2 C sub M k B with the property whenever A 1 is an irreducible substructures of A with the cardinality j then A 1 is isomorphic to a structure from B 0 k;j . Now it is clear that
Using methods from Section 5 and Section 7 we obtain the following. Theorem 14. Let k > 1 be a natural number. Then we have the following.
Note that Proposition 3.2 in [14] implies only that irreducible structures in M k B have RP while the previous Theorem says that all structures in M k B have RP.
Note that the collections B 0 k;j can be di¤erently choosen, and that we may obtain continum many di¤erent expansions of M k B which have RP and OP. Also by Theorem 9.2 in [15] we know that they are simply bi-de…nable.
A non arbitrary expansion
In this section we discuss an example of subclass of the class M k F for which we have ordered expansions with Ramsey property which is a proper subclass of OM k F.
We recall that vector spaces over …nite …eld F with characteristic q are represented as a functional structures in signature ff i g q 1 i=0 where each f i is an unary function, see [15] . We consider an arbitrary natural number q > 1 and the class V q in signature ff i g q 1 i=0 . The class V q contains structures A = (A; ff
) such that for all a 2 A: There is 0 A 2 A, called the origin of A, such that f A 0 (a) = 0 A . For every b 2< fag > A we have < fag > A =< fbg > A . We say that < fag > A is the ray given by a. It is straithforward to see that V q is a Fraïssé class which satis…es SAP, and we denote its limit by F q .
In order to de…ne an ordered expansion of V q we consider a sequence of natural numbers (n i )
and for each i > 2 we consider a sequence of structures (A i;j ) ni j=1 from V q . We assume that for a …xed i each structure A i;j is irreducible and its underlying set has cardinality i. Also we assum that for a …xed i and j 6 = j 0 structures A i;j and A i;j 0 are not isomorphic. Finally we require that for every irreducible structure A 2 V q with cardinality of underlying set i there is j such that A = A i;j . Finnaly we linearly order each structure A i;j with a …xed linear ordering i;j . Now we de…ne the class CV q which contains structures (A; A ), with the underlying set A, such that for all non origin points a, b 2 A:
A 2 V. A 2 lo(A). The origin 0 A is the minimal element with respect to A . The set < fag > A nf0 A g is an interval with respect to A . For every irreducible substructure B of (A;
A ) there are i and j such that B = (A i;j ; i;j ). Let A i;j and A i 0 ;j 0 be irreducible substructures of (A;
A ) generated by a and b respectively. Then we have a A b , ((i < i 0 ) or (i = i 0 ; j < j 0 ) or (i = i 0 ; j = j 0 ; a i;j ):
We point out that an irreducible structure B with non trivial Aut(B) can be expanded by a linear ordering to a structure in CV q in more then one way. Again it is easy to see that CV q is a Fraïssé class which satis…es SAP, and we denote its limit by CV q . We skip the proof of the following lemma since it is simple applicaton of the product Ramsey theorem, SAP and the result from [15] .
Lemma 9. Let q > 1 be a given natural number. Then we have:
(i): CV q satis…es RP and OP with respect to V q .
(ii): Aut(CV q ) is an extremely amenable group and X CVq is the universal minimal ‡ow for the group Aut(V q ). (iii): V q is a Ramsey class.
Since V q satis…es SAP we may also consider the class OV q which contains structures (A;
A ) with the property that A 2V q and A is a linear ordering on the underlying set of A. It is easy to see that OV q is a Fraïssé class with SAP whose limit we denote by OV q . Using methods of the previous sections we obtain the following.
Lemma 10. Let q > 1 be a given natural number. Then we have:
(i): OV q satis…es RP, but it does not satisfy OP with respect to V q .
(ii): Aut(CV q ) is an extremely amenable group, but X OVq is not the universal minimal ‡ow for the group Aut(V q ).
Note that the class of …nite vector spaces over a given …nite …eld may be seen as a subclass of one of V q . We point out that the antilexicographical ordering of the …nite vector spaces introduced in [15] is di¤erent than linear orderings that expand structures in V q to structures in CV q and OV q . Even the class V q is bigger than the class of corresponding …nite vector spaces both of them are Ramsey classes.
Finite Groups and Ramsey classes
Let G be a …nite group of order k > 1 and let A G be the class of all actions of the group G on a …nite sets. Note that for an action G X ! X each element g 2 G induces a permutation of the set X. Therefore we may consider A G as a subclass of M k B. Then it is easy to see that A G is a Fraïssé class with SAP and Fraïssé limit A G . Note that substructure in the class A G corresponds to the invariant subset with respect to a given action. Moreover each orbit corresponds to an irreducible structure.
Following the approach from Section 9 we consider ordered expansions of the class A G . In particular we have the following:
OA G , the class of arbitrary ordered expansions, contains structures (A; A ) 2 OM k B with the property that A 2 A G .
CA G , the class of convex expansions, contains structures from OA G with the property that each orbit is an interval with respect to linear ordering.
C inc A G , the class of increasing convex expansions, is the class C inc M k B\ CA G . In this class orbits are ordered according to the size of orbits.
C sub A G , the class of subincreasing convex expansions, is the class C sub M k B \ C inc A G . In this class we impose ordering among orbits of the same size.
C cir A G , the class of circular expansions, is the class C cir M k B\ C sub A G . In this class each orbit can be expanded only to isomorphic structures.
It is easy to see that OA G , CA G , C inc A G , C sub A G and C cir A G are Fraïssé classes with limits OA G , CA G , C inc A G ,C sub A G and C cir A G respectively. Following the analysis of Theorem 14 we obtain similar result. 
Final remarks
Compareing the class of …nite graphs, GR, with the class F we pose few questions. We consider graph as a structure in a relational singnature fEg where E is a binary relational symbol. Since there is a complete list of all Fraïssé classes of …nite graphs, see [17] , we ask the following. There is only one ordered expansion of the class GR with the Ramsey property, see [15] . On the other hand we saw in the previous sections that the class F has many ordered expansions with the Ramsey property. In the case of the class M k F we know one ordered expansion with the Ramsey property, OM k F. Therefore we have the following questions. A generalization of the class GR is the class of …nite hypergraphs, and we have corresponding Ramsey statement for a class of hypergraphs, see [22] . At the same time a generalization of the class F would be the class of …nite functions of higher arity. Consequently we have the follwing. Problem 6. Calculate Ramsey degrees for structures in the class of …nite functions of arity n > 1.
We are not able to obtain a Ramsey type statement about the class M k F l for k > 1 because this class does not satisfy amalgamation property. A possible step in this dirction would be answering the following question. We pointed out at the end of Section 9 that there is a continum many ordered expansions of the class M k B which satisfy Ramsey and ordering property and that they are mutaly simply bi-de…nable. Simple bi-de…nability is given by an L !1! sentence we ask the following question. One of the questions of the Ramsey theory is if there is a …nitary proof of an Ramsey type result obtained by in…nite arguments. In particular we may consider our Ramsey type results obtained from extereme amenability as in…nite arguments. We point out that this results can be obtained also by tedious …nitary arguments, and that is a reson that we choosed to use extreme amenability on the …rst place.
